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WEAK HADAMARD STAR CONFIGURATIONS AND APOLARITY
IMAN BAHMANI JAFARLOO AND GABRIELE CALUSSI
ABSTRACT. In [7] the authors have introduced a new construction using the Hadamard
product to present star configurations of codimension c of Pn and which they called Hadamard
star configurations. In this paper, we introduce a more general type of Hadamard star
configuration. Any star configuration constructed by our approach is called a weak Hadamard
star configuration. We classify weak Hadamard star configurations, and in the case c = n,
we investigate the existence of a (weak) Hadamard star configuration apolar to the generic
homogeneous polynomials of degree d.
1. Introduction. A codimension c star configuration in Pn is determined by a union of linear
subspaces U1, . . . , Us each of codimension c. When c = n, a star configuration forms a set of s
complete intersection points in Pn, and its defining ideal has been studied widely. For instance, in
[12], the authors compared the symbolic and ordinary powers of the ideal of star configuration, and
in [8] an investigation was done when a generic hypersurface contains a star configuration. More
recently in [1], the authors investigated whether a star configuration of codimension n represents a
given generic homogeneous form of degree d as the sum of d-th power of s linear forms, see Section 5.
Around 2010, in [9, 10], the Hadamard product of matrices was extended to Hadamard product of
varieties in the study of the geometry of Boltzmann machines.
Definition 1 ([9]). Given any two subvarieties X and Y of a projective space Pn, we define their
Hadamard product X ⋆ Y to be the closure of the image of the rational map
X × Y 99K Pn, (A,B) 7→ (a0b0 : a1b1 : · · · : anbn).
For any projective variety X , we may consider its Hadamard square X [2] = X ⋆ X and its higher
Hadamard powers X [k] = X ⋆X [k−1].
Its applications can be also found in tropical geometry [11, 14]. Recently in [3], the authors studied
Hadamard product of linear spaces and obtained its connections with tropical geometry. Other papers
that contributed to the study of Hadamard product of varieties include [4, 5, 6]. Using Hadamard
product the authors in [3, Theorem 4.7] constructed a new family of star configurations of codimension
n. Indeed, they showed that the Hadamard square of a set of points on a given line in Pn is a star
configuration of points. Later in [7] it was generalized for any codimension c and called Hadamard
star configuration.
In this paper, we introduced star configurations of codimension c in Pn which more general than
Hadamard star configuration and called it weak Hadamard star configuration. Using the genericity
property of points under the standard Cremona transformation, we generalized [7, Theorem 3.1] in
Theorem 2 and in Theorem 4 we extended [7, Theorem 2.17]. Moreover, two important consequences
of Theorem 2 are Corollaries 1, 2 which characterize weak Hadamard star configurations.
This paper is organized as follows: in the next section we review some of the standard facts
on Hadamard product and introduce weak Hadamard star configuration. In Section 3, by the
standard Cremona transformation we prove some lemmas and useful tools for characterization of
(weak) Hadamard star configuration. In Section 4, our main results are stated and proved (see the
previous paragraph). In particular, we find the relation between the star configuration constructed
via our approach and Hadamard star configuration. As in [1], Section 5 is intended to motivate our
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investigation of the existence of a (weak) Hadamard star configuration of codimension n apolar to a
given generic homogeneous form (see Lemma 6 and Example 2).
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2. Preliminary definition. In this section, we recall some relevant basic facts. Let S =
C[x0, . . . , xn] be the standard graded polynomial ring. We denote by Si the homogeneous degree
i part of S. For any homogeneous ideal I ⊂ S, we denote by V (I) ⊂ Pn the variety defined by the
vanishing locus of all elements of I.
Definition 2. Let r ≥ n+ 1 and let P = {P1, . . . , Pr} be set a of points in Pn. We say that P is in
general position if there exists no hyperplane containing any subset of n+ 1 distinct elements in P .
Remark 1. From the definition it follows that P1, . . . , Pr are in general position if and only if the
matrix
(
P1 · · · Pr
)T
has all non zero maximal minors.
Definition 3. Let Hi = V (xi) for i = 0, . . . n be the coordinate hyperplanes of P
n. Let
∆i =
⋃
0≤j1<...<jn−i≤n
Hj1 ∩ . . . ∩Hjn−i .
Definition 4. Let L = {L1, . . . , Lr} be a set of linear forms in S1. The set L is generally linear if the
following hold
• {L1, . . . , Lt} ⊆ L and t ≤ n, then dim(L1 ∩ . . . ∩ Lt) = n− t,
• {L1, . . . , Lt} ⊆ L and t > n, then L1 ∩ . . . ∩ Lt = ∅.
Definition 5. Let L = {L1, . . . , Lr} be a set of generally linear forms in S1. For any c ∈ [n] :=
{1, . . . , n}, the codimension c star configuration or simply star configuration defined by L is:
Xc(L) =
⋃
1≤i1<...<ic≤r
V (Li1 , . . . , Lic).
Here, we recall some definitions from [7].
Definition 6. Let A = [a0 : · · · : an] and B = [b0 : · · · : bn] be two points in Pn. If aibi 6= 0 for some
i, their Hadamard product A ⋆ B of A and B, is defined as
A ⋆ B = [a0b0 : a1b1 : · · · : anbn].
If aibi = 0 for all i = 0, . . . , n then we say A ⋆ B is not defined.
Definition 7. Let L = {L1, . . . , Lr} ⊂ S1 be a set of linear forms. We say that L is a Hadamard
set if there exists a linear form L = a0x0 + · · · + anxn ∈ S1 and P1, . . . , Pr points of Pn such that
V (Li) = Pi ⋆ V (L) for all i ∈ [r].
Remark 2. Let H = V (a0x0 + · · ·+ anxn) be a hyperplane in Pn. Let P = [p0 : · · · : pn] ∈ Pn \∆n−1.
Then P ⋆ H = V
(
a0x0
p0
+ · · ·+ anxn
pn
)
, see [7, Lemma 2.13].
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Definition 8. Let L = {L1, . . . , Lr} be a Hadamard set. We say L is a strong Hadamard set if
Pi ∈ V (L) for all i ∈ [r].
Definition 9. A star configuration Xc(L) is called a
(a) weak Hadamard star configuration (WHSC) if L is a Hadamard set.
(b) Hadamard star configuration (HSC) if L is a strong Hadamard set.
3. Properties of Standard Cremona transformation. In this section we study some proprieties
of the Standard Cremona transformation. We denote by σ : Pn 99K Pn the Standard Cremona
transformation
σ ([p0 : · · · : pn]) =
[
1
p0
: · · · : 1
pn
]
.
Lemma 1. If P1, . . . , Pr ∈ Pn \ ∆n−1 with Pi = [p0(i) : · · · : pn(i)], then σ(P1), . . . , σ(Pr) are in
general position if and only if the following matrix M has all non-zero maximal minors
M =


1
p0(1)
· · · 1
pn(1)
...
...
1
p0(r)
· · · 1
pn(r)


.
Proof. Observe that M =
[
σ(P1) . . . σ(Pr)
]T
. Therefore the proof follows from Remark 1. 
Lemma 2. If P1, . . . , Pr are generic points in P
n, then σ(P1), . . . , σ(Pr) are in general position.
Proof. In order to prove that σ(P1), . . . , σ(Pr) are in general position, it suffices to show that all
maximal minors of the matrix M in Lemma 1 are non-zero. For any subset I = {i1, . . . , in+1} of n+1
distinct elements of [r], we define λI := det(MI) where
MI =
[
σ(Pi1 ) . . . σ(Pin+1)
]T
.
Indeed, λI is a maximal minor of M . We define the multi-homogeneous polynomial
FI = λIp0(i1) · · · pn(i1) · · · p0(in+1) · · · pn(in+1)
in the multi-graded polynomial ring
C[p0(1), . . . , pn(1), . . . , p0(r), . . . , pn(r)]
of multi-degree (n, . . . , n, 0, . . . , 0). Since FI is non-zero, it follows that CI = V (FI) is a proper closed
subset in Pn×· · ·×Pn, (r times) and their union denoted by C is still a proper closed subset. Without
loss of generality and using the genericity of P1, . . . , Pr we can assume that (P1, . . . , Pr) /∈ C. From
the definition
C = V
(⋂
< FI >
)
,
we conclude that FI(P1, . . . , Pr) 6= 0. It follows that λI 6= 0. Hence, all maximal minors of the matrix
M are non-zeros and the proof is now completed. 
Remark 3. Let P1, . . . , Pr ∈ Pn be in general position. Then σ(P1), . . . , σ(Pr) do not necessarily
have the same property. In fact, assume that H is a generic hyperplane in Pn. Then σ(H) is a
hypersurface of degree d > 1 and so there exist Pi1 , . . . , Pin+1 in σ(H) which are in general position.
Since σ(σ(H)) = H , we deduce that σ(Pi1 ), . . . , σ(Pin+1) are not in general position on P
n.
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Lemma 3. Let F be a degree d form in S and n ≥ 2. If V (F ) is an irreducible hypersurface of degree
d > 1, then for all k ∈ N there exist P1, . . . , Pk ∈ V (F ) such that P1, . . . , Pk are in general position.
Proof. We give a proof by induction on k. If k = n + 1, then n + 1 points are in general position
if and only if they span Pn. It is clear that V (F ) must be a non-degenerate hypersurface, and so
there are n + 1 points on V (F ) which span Pn. Now assume that k > n + 1 and by induction there
exist k− 1 points P1, . . . , Pk−1 on V (F ) in general position. Let V (L1), . . . , V (Lt) be the hyperplanes
generated by any choice of n distinct points in {P1, . . . , Pk−1}. Since V (F ) is irreducible and not
contained in any hyperplane V (Li), we thus have that V (Li) ∩ V (F ) has dimension n − 2 for all i.
Hence, V (F ) 6⊂ (V (L1) ∪ · · · ∪ V (Lt)) and there exists Pk ∈ V (F ) \ (V (L1) ∪ · · · ∪ V (Lt)). It follows
that the points P1, . . . , Pk are in general position. 
Lemma 4. Let H ⊂ Pn be a generic hyperplane and let P1, . . . , Pr be generic points on H. Then
σ(P1), . . . , σ(Pr) are in general position.
Proof. This follows by the same method as in the proof of Lemma 2. With out loss of generality, let
a0x0 + · · ·+ anxn = 0 be the equation of H with ai 6= 0 for i = 0, . . . , n. The hyperplane H vanishes
on Pi = [p0(i) : · · · : pn(i)] for i = 1, . . . , r if and only if
(1) pn(i) = −(a0p0(i) + · · ·+ an−1pn−1(i))/an.
We now apply the same argument in the proof of Lemma 2, with pn(i) replaced by the linear
combinations of p0(i), . . . , pn−1(i), see Equation (1), to obtain the multi-homogeneous polynomial
GI in the multi-graded polynomial ring
C[p0(1), . . . , pn−1(1), . . . , p0(r), . . . , pn−1(r)].
Thus the statement holds on:
A = Pn × · · · × Pn︸ ︷︷ ︸
r times
\
(⋃
V (GI)
)
.
Now we prove that A is a non-empty open subset. In fact, the set V (GI) is not necessarily a proper
set since GI might be zero. We know that σ(H) is an irreducible hypersurface of degree d > 1, so
by Lemma 3, there are r points Q1, . . . , Qr in general position on σ(H). Take P1, . . . Pr such that
σ(P1) = Q1, . . . , σ(Pr) = Qr. Since σ(P1), . . . , σ(Pr) are in general position in P
n, we have that
(P1, . . . , Pr) ∈ A, so A is non-empty. 
Remark 4. Note that if the points P1, . . . , Pr are in general position on H , then it does not guarantee
that σ(P1), . . . , σ(Pr) are in general position. For example, let H = V (x0 + 2x1 + 3x3 − x4) ⊂ P3 and
consider the points P1 = [1 : 2 : 3 : 14], P2 = [1 : 1 : 1 : 6], P3 = [−1 : 2 : −2 : −3] and P4 = [−1 :
−2 : 190/33 : 135/11] in general position on H . We have that det([σ(P1) · · · σ(P4)]T ) = 0 and it
follows that σ(P1), . . . , σ(P4) are not in general position.
4. Weak Hadamard star configuration. Our goal in this section is to find the necessary and
sufficient condition for a generally linear set of linear forms to be a WHSC.
Definition 10. Let L be a linear form. The support of L is the set of variables appearing in L with
non-zero coefficient.
Proposition 1. Let L = {L1, . . . , Lr} be a generally linear set of linear forms is S1. The set Xc(L)
is a WHSC if and only if V (Li) ∩∆0 = ∅ for all i ∈ [r].
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Proof. If V (Li) ∩ ∆0 = ∅ for all i ∈ [r], then from [7, Remark 2.10] we conclude that Xc(L)
is a WHSC. Conversely, if Xc(L) is a WHSC, then from [7, Remark 2.10] it follows all the linear
forms Li have the same support. By contradiction, suppose that there exists t ∈ [r] such that
V (Lt) ∩ ∆0 6= ∅. The fact that Li’s have the same support implies that there is at least one zero
coefficient in their support. With out loss of generality, assume that the first coefficients are zero. It
follows that Li ∈ C[x1, . . . , xn] for all i ∈ [r] which is impossible since L is generally linear in S1. 
Let H1, . . . , Hr be hyperplanes of P
n. We denote by
Xc(H1, . . . , Hr) =
⋃
1≤i1<···<ic≤r
Hi1 ∩ · · · ∩Hic .
Theorem 2. Let H ⊂ Pn be a hyperplane such that H ∩∆0 = ∅. Consider P1, . . . , Pr ∈ Pn \∆n−1
and set Hj = Pj ⋆ H where Pj = [p0(j) : · · · : pn(j)] for all j ∈ [r]. Then Xc(H1, . . . , Hr) is a WHSC
if and only if the points σ(P1), . . . , σ(Pr) are in general position in P
n.
Proof. Assume that H = V (a0x0+ · · ·+anxn) with ai 6= 0 for all i = 0, . . . , n. Let L = {L1, . . . , Lr}
be a set of linear forms in S1 where
Lj =
a0x0
p0(j)
+ · · ·+ anxn
pn(j)
, ∀j ∈ [r].
Set Hj = V (Lj) since V (Lj) = Pj ⋆ H . What remains to prove is: the set L is generally linear if and
only if σ(P1), . . . , σ(Pr) are in general position. Suppose that L is not generally linear, i.e., there exist
n + 1 distinct elements in L which are linearly dependent, say L1, . . . , Ln+1. Therefore, there exist
λj 6= 0 for j = 1, . . . , n+ 1 such that
n+1∑
j=1
λjLj = 0. Hence,
n+1∑
j=1
λjLj =
n+1∑
j=1
λj
(
a0x0
p0(j)
+ · · ·+ anxn
pn(j)
)
(2)
=
n∑
i=0
(
λ1
pi(1)
+ · · ·+ λn+1
pi(n+ 1)
)
aixi = 0.
Since ai 6= 0 for all i = 0, . . . , n, we get the following system:
(3)


λ1
p0(1)
+ · · ·+ λn+1
p0(n+ 1)
= 0
...
λ1
pn(1)
+ · · ·+ λn+1
pn(n+ 1)
= 0
.
We conclude from λj 6= 0 for j = 1, . . . , n+ 1 that the system has not only the trivial solution, hence
that
(4) det




1
p0(1)
· · · 1
pn(1)
...
...
1
p0(n+ 1)
· · · 1
pn(n+ 1)



 = 0,
and finally by Lemma 1 that σ(P1), . . . , σ(Pr) are not in general position.
Conversely, suppose that σ(P1), . . . , σ(Pr) are not in general position. So there exists a choice of
n + 1 distinct elements of σ(P1), . . . , σ(Pr) which lie on a hyperplane and with out loss of generality
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we can assume σ(P1), . . . , σ(Pn+1). It implies that
(5) det
([
σ(P1) . . . σ(Pn+1)
]T)
= 0.
By definition, 4 follows from 5 and since λj 6= 0 for j = 1, . . . , n+1, 4 shows that 3 holds and so 2. We
deduce from 2 that there exit n+ 1 distinct elements in L which are not linearly independent, hence
that L is not generally linear. 
Remark 5. Note that if σ(P1), . . . , σ(Pr) are in general position, then the points σ(Pi), σ(Pj), and
σ(Pk) are not collinear for all possible choices of 1 ≤ i < j < k ≤ r. As in [7, Theorem 4.3], there is
no rational normal curve containing the coordinates points and the points Pi, Pj , and Pk.
Corollary 1. Let P1 . . . , Pr be generic points in P
n. Let H be a hyperplane such that H ∩∆0 = ∅ and
set Hi = Pi ⋆ H for all i ∈ [r]. Then Xc(H1, . . . , Hr) is a WHSC.
Proof. It is enough to use Lemma 2 and Theorem 2. 
Remark 6. Note that being the points P1 . . . , Pr in general position is necessary but not sufficient to
conclude that Xc(H1, . . . , Hr) is a WHSC. Indeed, from Remark 3 there exist the points P1 . . . , Pr ∈ Pn
in general position such that σ(P1), . . . , σ(Pr) are not in general position and so Xc(H1, . . . , Hr) is not
a WHSC.
Corollary 2. Let H ⊂ Pn be a hyperplane such that H ∩∆0 = ∅. Consider P1, . . . , Pr ∈ H \∆n−1
and let Hi = Pi ⋆ H for all i ∈ [r]. Then Xc(H1, . . . , Hr) is a HSC if and only if σ(P1), . . . , σ(Pr) are
in general position in Pn.
Proof. From Theorem 2, we have that Xc(H1, . . . , Hr) is a WHSC if and only if σ(P1), . . . , σ(Pr)
are in general position in Pn. But Xc(H1, . . . , Hr) is a HSC too since by hypothesis Pi ∈ H for all
i ∈ [r]. 
Corollary 3. Let H ⊂ Pn be a hyperplane such that H ∩∆0 = ∅. Let P1, . . . , Pr be generic points in
H and set Hi = Pi ⋆ H for all i ∈ [r]. Then Xc(H1, . . . , Hr) is a WHSC.
Proof. The proof follows from Lemma 4 and Corollary 2. 
Remark 7. As in Remark 6, being the points P1, . . . , Pr in general position in H is not sufficient
to conclude that Xc(H1, . . . , Hr) is a HSC. To be more precise, by Remark 4, there exist the points
P1, . . . , Pr in general position in H such that σ(P1), . . . , σ(Pr) are not in general position in P
n, and
so Xc(H1, . . . , Hr) is not a HSC.
Definition 11. If X is a finite set of points in Pn, then the r-th square-free Hadamard product of X is
X
⋆r = {P1 ⋆ · · · ⋆ Pr|Pi ∈ X and Pi 6= Pj}.
Theorem 3. Let ℓ be a line in Pn such that ℓ ∩ ∆n−2 = ∅, and let X ⊆ ℓ be a set of m > n points
with X ∩∆n−1 = ∅. Then X⋆n is a WHSC.
Proof. From [3, Theorem 4.7], we have that X⋆n is a star configuration defined by the set of
hyperplanes {P ⋆ ℓ⋆(n−1)|P ∈ X}. The proof is completed by the definition of WHSC. 
In the following, we extend [7, Theorem 2.17].
WEAK HADAMARD STAR CONFIGURATIONS AND APOLARITY 7
Theorem 4. Let ℓ be a line in Pn such that ℓ ∩ ∆n−2 = ∅, and let X ⊆ ℓ be a set of m > n points
such that X ∩∆n−1 = ∅. If there exist two distinct points P = [p0 : · · · : pn] and Q = [q0 : · · · : qn] on
ℓ such that
(6) det




pn−10 · · · pn−1n
pn−20 q0 · · · pn−2n qn
...
...
qn−10 · · · qn−1n
p0 · · · pn



 = det




pn−10 · · · pn−1n
pn−20 q0 · · · pn−2n qn
...
...
qn−10 · · · qn−1n
q0 · · · qn



 = 0,
then X⋆n is a HSC.
Proof. By [3, Corollary 3.7], ℓ⋆(n−1) is given by the following equation:
det




pn−10 p
n−1
1 · · · pn−1n
pn−20 q0 p
n−2
1 q1 · · · pn−2n qn
...
...
...
qn−10 q
n−1
1 · · · qn−1n
x0 x1 · · · xn



 = 0.
By the hypothesis on P and Q, we deduce that P and Q are in ℓ⋆(n−1), hence that X ⊆ ℓ ⊆ ℓ⋆(n−1).
From Theorem 3, X⋆n is a WHSC and is given by {P ⋆ ℓ⋆(n−1)|P ∈ X}, and thus X⋆n is a HSC by the
definition Hadamard star configuration. 
Remark 8. (6) is a numerical sufficient condition whether X⋆n is a HSC. More geometrically, (6) follows
that P and Q are in the linear subspace generated by P ⋆(n−1), P ⋆(n−2) ⋆ Q, . . . , P ⋆ Q⋆(n−2), Q⋆(n−1).
Moreover, one can check that if [1 : · · · : 1] ∈ ℓ, then (6) holds; so also Theorem 4 for all Q ∈ ℓ.
Furthermore, Theorem 4 always holds for n = 2 (see [7, Theorem 2.17]).
5. Apolar Hadamard star configuration. In this section, we study the existence of a (weak)
Hadamard star configuration apolar to homogeneous polynomials. In [1] the authors described the 3-
ples (d, r, n) for which there exists a star configuration X(r) := X(L1, . . . , Lr) of codimension n apolar
to the generic F ∈ Sd. We recall some basic facts.
Let us consider the standard graded polynomial ring T = C[y0, . . . , yn]. We make T act on S via
differentiation, e.g., we think of yj = ∂/∂xj. For any form F of degree d in S, we define the ideal
F⊥ ⊆ T say perp ideal of F as follows:
F⊥ = {∂ ∈ T : ∂F = 0}.
Lemma 5 (Apolarity Lemma). A homogeneous degree d form F ∈ S can be written as
F =
s∑
i=1
αiL
d
i , Li ∈ S1 pairwise linearly independent, αi ∈ C
if and only if there exists I ⊆ F⊥ such that I is the ideal of a set of s distinct points in P(S1).
Definition 12. We say that a set of points X is apolar to a form F if the ideal of the set of points is
such that I(X) ⊂ F⊥. We say that X is an apolar Hadamard star configuration (aHSC) for F if the
set X is a HSC.
Remark 9. Any linear form L ∈ S1 can be seen as the point [L] ∈ P(S1), so the set L = {L1, . . . , Lr} ⊂
S1 of generally linear forms is a set of points in general position in P(S1).
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Remark 10. Let F be a generic form of degree d ≥ 2 in n + 1 variables. If r < d + n, then there is
Neither WHSC nor HSC apolar to F unless,
(d, r, n) = (3, 5, 3), (4, 6, 3), (5, 7, 3), (3, 6, 4), (3, 7, 5), and (d, d+ 1, 2),
(see [1, Lemma 3.2, Theorem 3.3, 3.4, Proposition 3.5 and Conjecture 3.6]).
Lemma 6. Let F be a form of degree d ≥ 2 in n+1 variables. If r ≥ d+n, then there exists an HSC
X(H1, . . . , Hr) apolar to F .
Proof. Assume that Corollary 3 holds. Then the desired result follows from [1, Lemma 3.1]. 
Example 1. Let F = 15x
2
0 + x0x1 + 3x
2
1 +
7
9x0z2 +
5
4x1x2 +
5
4x
2
2 be a generic ternary quadratic form
and L = {L1, L1, L3, L4} be a set of generally linear forms, where L1 = (13/4)y0 + (1/2)y1 + (1/3)y2,
L2 = −(13/15)y0+(1/3)y1+(1/6)y2, L3 = (1/7)y0+(1/7)y1+(1/5)y2 and L4 = y0+(1/3)y1+(1/4)y2.
By Proposition 1, X(L) is a WHSC, and thus Lemma 6 follows that X(L) is apolar to F . Using [7,
Theorem 3.1], we conclude that X(L) is aHSC too since
rk




4/13 2 3
−15/13 3 6
7 7 5
1 3 4



 = 2.
Remark 11. Note that, four linear forms Γ1 = y0 + 3y1 − 2y2, Γ2 = −3y0 + 5y1 + y2, Γ3 =
−(1/2)y0 + (1/4)y1 + 7y2 and Γ4 = 4y0 + 3y1 + y2 construct a WHSC X(Γ1, . . . ,Γ4) apolar to F ,
but do not construct an aHSC since
rk




1 1/3 −1/2
−1/3 1/5 1
−2 4 1/7
1/4 1/3 1



 6= 2.
Example 2. Let M = x0x1x2 be a ternary monomial. Since M has rank 4, the interesting case to
check is r = 4. For r 6= 4, see Remark 10 and Lemma 6. Let X(4) be a generic star configuration
constructed by linear forms,
L1 = a1y0 + b1y1 + c1y2, L2 = a2y0 + b2y1 + c2y2, L3 = a3y0 + b3y1 + c3y2, L4 = a4y0 + b4y1 + c4y2,
with all ai, bi, ci different from zero. There is no loss of generality in assuming c1 = c2 = c3 = c4 = 1.
An easy calculation follows that M⊥ = (y20 , y
2
1 , y
2
2). By Apolarity Lemma, the set X(L1, . . . , L4) is
apolar to M if and only if I(X(L1, . . . , L4)) ⊂M⊥, and it follows that
(7)
b3a4 + b2a4 + a3b4 + a2b4 + b2a3 + a2b3 = 0,
b3a4 + b1a4 + a3b4 + a1b4 + b1a3 + a1b3 = 0,
b2a4 + b1a4 + a2b4 + a1b4 + b1a2 + a1b2 = 0,
b2a3 + b1a3 + a2b3 + a1b3 + b1a2 + a1b2 = 0.
Assume that (7) has at least one solution with all ai 6= 0 and bi 6= 0 such that L1, . . . , L4 are generally
linear. Thus all maximal minors of the coefficients matrix of L1, . . . , L4 are non-zeros, i.e.,
(8)
−a2b1 + a3b1 + a1b2 − a3b2 − a1b3 + a2b3 6= 0,
−a2b1 + a4b1 + a1b2 − a4b2 − a1b4 + a2b4 6= 0,
−a3b1 + a4b1 + a1b3 − a4b3 − a1b4 + a3b4 6= 0,
−a3b2 + a4b2 + a2b3 − a4b3 − a2b4 + a3b4 6= 0.
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If (7) and (8) hold, then the set X(L1, . . . , L4) is a WHSC which is apolar to M . Furthermore, by
Corollary 2, it is an aHSC if and only if
rk




1
a1
1
b1
1
1
a2
1
b2
1
1
a3
1
b3
1
1
a4
1
b4
1



 = 2.
Therefore, all maximal minors of the matrix above should be zero,
(9)
1
a1b2
+ 1
a3b1
+ 1
a2b3
− 1
a3b2
− 1
a2b1
− 1
a1b3
= 0,
1
a1b2
+ 1
a4b1
+ 1
a2b4
− 1
a4b2
− 1
a2b1
− 1
a1b4
= 0,
1
a1b3
+ 1
a4b1
+ 1
a3b4
− 1
a4b3
− 1
a3b1
− 1
a1b4
= 0,
1
a2b3
+ 1
a4b2
+ 1
a3b4
− 1
a4b3
− 1
a3b2
− 1
a2b4
= 0.
Since all ai and bi are non-zero, (9) is equivalent:
(10)
a1a2a3b1b2b3
(
1
a1b2
+ 1
a3b1
+ 1
a2b3
− 1
a3b2
− 1
a2b1
− 1
a1b3
)
= 0
a1a2a4b1b2b4
(
1
a1b2
+ 1
a4b1
+ 1
a2b4
− 1
a4b2
− 1
a2b1
− 1
a1b4
)
= 0
a1a3a4b1b3b4
(
1
a1b3
+ 1
a4b1
+ 1
a3b4
− 1
a4b3
− 1
a3b1
− 1
a1b4
)
= 0
a2a3a4b2b3b4
(
1
a2b3
+ 1
a4b2
+ 1
a3b4
− 1
a4b3
− 1
a3b2
− 1
a2b4
)
= 0.
Let I, J , andK be the ideals generated by the equations of (7), (8), and (10), respectively. We conclude
that any point in the zero locus of I ′ = (I : J∞) ⊂ C[a1, . . . , a4, b1, . . . , b4] is equivalent to a WHSC
apolar to M , unless some ai and bi are zeros. Moreover, any point [a1 : · · · : b4] ∈ V (I ′ +K) with all
ai 6= 0 and bi 6= 0 constructs an aHSC for M . A simple computation in Macaulay2[13] shows that
K ⊂ I ′ and so I ′ + K = I ′, thus we conclude that a WHSC apolar to M is an aHSC too. Using
Macaulay2 and Bertini_real[2] helped us to find a point on V (I ′), that is,
a1 =
√
2641 + 119
4(
√
2641 + 47)
, a2 =
2(−√2641− 59)√
2641 + 47
, a3 = 2, a4 = 1,
b1 =
3(−√2641− 39)
16
, b2 = 5, b3 = 9, b4 =
√
2641 + 11
4
.
Therefore, it verifies the existence of an aHSC X(4) for M .
Remark 12. Note that from Example 2 it follows that if we have a star configuration X(L1, . . . , L4)
apolar to M such that V (Li) ∩∆0 = ∅, then there exists a line L and four points P1, . . . , P4 ∈ V (L)
such that V (Li) = V (L) ⋆ Pi for all i.
Remark 13. A generic form F has an apolar WHSC if and only if there exists a star configuration
X(L1, . . . , Lr) apolar to F such that V (Li) ∩∆0 = ∅ for all i ∈ [r].
Remark 14. The authors in [1, Conjecture 3.6] suggest that any generic ternary form of degree d ≥ 3
has an apolar star configuration X(d + 1). One can see that the conjecture is also satisfied for the
existence of an apolar WHSC X(d+ 1) if Remark 13 holds.
Corollary 4. There exists an apolar WHSC X(4) for any ternary cubic of rank five.
Proof. By [1, Proposition 4.4] and Proposition 1, the proof is done. 
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